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Eigen Value Problems in Quantum Mechanics

Stationary States

The Schrodinger equation in given by

oy _—h’d*y

| 71
: ot 2m ax2

+Vy

Let V be independent of t and it it depends only on position Co-ordinate only ,ie
V=V (x) .Insuch a case the above equation can be solved using the method of

separation of variables. Considering a product solution of the form.
w(x,t)=y(x).o(t) cerrenenee(2)

Where W(X) is a function that depends only on position co-ordinate x and

0lt) is a function of ¢ only.

Then,
a_w:wa_w and 82_41211182_(/)
ot ot t2 2
also, ... (3)
a_w:(pa_lll and az_w:(pazw
0Xx 0Xx 8x2 6x2
Substituting (3) in (1) we get
. 09 _—h oy
AYy—F—=———"=-.0+V
: ‘”at 2m Hx? p+V e
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Dividing (4) by Y0 we get

LHS of eqn. (5) is a function of t alone and RHS in a function of x alone and
both are independent. Hence this equation is valid only if both sides evaluate to the

same constant. Let that constant be E Then,

1€,

t h ()

and

e LY v
e - dx2+Vl/J—Elp ......... 9)

Thus the method of separation of variables has resulted in two ordinary differential

equations.

From (7)
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Integrating

— It

+C

loge(p:

By absorbing this constant with that of ¢ we get

—iEt
po=e " L (12)

Equation (9) in called the time independent Schrodinger equation. This can be
solved only if the nature of the potential V(x) is known.

Thus

—iEt

wix, t)=y(x)e” L (13)

The probability density is given by |¢/(x,t)|* and

wix, )P =yxy (14)
=y"(x) e "
=y (x) e y(x)e "
=y (x)y(x)
wixP=lwx) (15)

Then the probability density is independent of time. Also the expectation value is
independent of time.
ie the states are stationary.

In classical Mechanics the total energy is represented by Hamiltonian operator H
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H=KE+PE

“ )

T v
=—mv+V = +V

2 2m

2
1€ H=L vV (16)
2m

P is represented by the operator —i# ai
X

(—in2-)?
H=— 09X,V

2m

. —hz o2
ie H:EQ'FV ........... (17)

and from eqn. (9)

_—hzaz—l’u+vlp:Elp

2m 5 x°
It can be written as

Hy=Ey ... (18)
This is time independent Schrodinger equation , ie Hamiltonian operates on ¢ to
return a specific value E for a particular state

A system can remain in an infinite no of stable states represented by

Ui(x), s (x), gslx)..... each state having energies E,, E, Es....... ie Each

allowed energy is represented by a specific wave function ¢

ie y(x,t)=y,(x)e
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~iE,t

W2(X’t):¢’2(x)e ¢ and so on.

A General solution is given by a linear combination of all allowed states ie

—Y(x,)=Cypy (%, )+ Gy, (X, ) +Cy—y (X, ) ..

-1 E t
n

Watch Video Watch Video

Infinite Square well

Consider a potential of the form
V(x)=0 if 0<x<L
V(n)=w otherwise
A particle trapped in such a potential is completely free except at two ends at x =0

and x=1L

Mx)=oo | F(x)=0 | Fix)==
(barrier) | (wcll) | (barrier)
0 L X

fig-1
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Outside the well ¥ ( X ):0 and hence the probability of finding a particle in these
region is zero.

Inside the well V(x) = 0 and Schrodinger eqn. takes the form

2
LT
2maax” (1)
K V2mE
If we substitute e (2)

Multiplying eqn. (1) by o we get

d’y_—2mE "
T 3)
from (2) and (3) we get

2

d_lg:_kzw
o, (4)
2

Y k2y =0

d (5)

Where solution is given by

x(t)=Asinot+Bcostot . (7)
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On similar lines the solution for eqn. (5) is

giX)—A sim kx¥B cos ex ... (8)

where A and B are arbitrary constants which are decided by the boundary

conditions of the system. The function y(x) has to be well behaved.

dy
w(x) and =%
ie dX  Should be continuous through out. This requires that
p(0)=y(a)=0 9)

e W(0)=0=A sin0+Bcos 0

CosO0=1 hence B=0  .................. (10)
Hence p(x)=Asinke (11)
Similarly ¥(a)=0

e Wla)=0=Asinka

if A= 0 entire ¥ (X vanishes. Hence

sinmka=0 Ll (12)
ie ka=0,%m, £2m, £3m,..... (13)
In general

ka=nn

the (—ve) sign can be absorbed in A as Sin(_9>:_51119
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k=—
or a (14)
n=1,2,3.........

But from eqn. (2)

h ie H?
212
LS
2m (15)

Substituting (14) in (15) we get

n’ i’

En: 2
2ma~ (16)

h=—

But n

To find A

$0

J w*w d’[:l ............ (18)

-0

Here W(X):O from 0<x<-ow

a<x<o
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y(x)y(x) dx=1

O =y 2

ie [ Asin(ke) A sin(ke) dx=1
0

a
ie A sin® (k) dx=1
0

1—cos (2kx)
2

A% }dx:1
0

A’ f%dx—fwdx =
0 0

AZ

ie

A2=2 A:\E
ie a a

Inferences

1. The wave function

l/Jn(x):\/Z sin| X x

a X

The group of the wave function are as given below
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E = -'s
A
i
' _—— ——— g _Mpn =3
]
L -":‘_...:-: _____ _-_.:-.:"_'. n =1
X
0 I
Fig-2
It is seen that with respect to the centre of the wall i (x) is even, 2189 1s
odd Ys(x) is even and so on.Thus wave functions are alternately even and odd.
2. The points of zero crossing of wave function are called nodes. It is seen that
wl(x) has no nodes, ‘pZ(X) has one, w3(x) has two and so on.
3. The wave functions are mutually orthogonal.
e flp*m(x)tpn(x) dx=0 when m#n
f(/f:n(x) (/Jn(n) dx:%fsin m—:n sin| 7| dx
21 —
=——fcos M™R x |- cos x| dx
a?z a
Since
2sin A sinB=cos( A—B)—cos(A+B)
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1e
1 1 : - 1 . +n i
= ————sin x| — sin| —— ma
al(m—n)n a (m+n)n a 0
_ 1 |sin(m=n)x _sin(m+n)n 0
“ma|  m-n m+n |

sin(m—n)m=sin(m+n)m=sin pr=0
Hence f w,(n) y(x) dx=0
[y, (nf]de=1
o Jun(x) (%) de=s,,
O is called Kronecker delta defined as
6 =0 if m#n
Sm=1if m=n
ie, The probability for the system file seen in two allowed states simultaneously

. S
is zero. Thus V¥ are ortho-normal.

4. The Energy of the particle is given by

212
E= nh2
8 ma
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Thus energy values of the particle trapped in an infinite square well potential

dIc quantzcd or disCrcic.

Watch Video

The Harmonic oscillator

The classical harmonic oscillator is a mass in attached to a spring of force

constant K. The eqn. of motion is given by

The solution is x(t)=Asinwt+Bcoswt, w isthe angular frequency of

oscillation and x(t) is the displacement at time .

V(x)zlkx2
The potential 2
or V(x)Z%m(ozx2 ............ (3) ‘ %:wz

We have to solve the Schrodinger equation for this potential

The time independent Schrodinger equation is given by

— K2 42
_hd_+V

U=EU
2m dx2 (4)

..................
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For harmonic oscillator V (x ):%m o? x*

_? P
h d—+lmw2x2

- U=EU
2m dx? 2 | T e (5)

2m

. h2
using eqn. (5)

d> m‘w® , 2mE
— U=0 i, 6
dx*> K K ©)
Put %/2201 and p=ax (7
d_d b d_,
dX dp dX But dX_
_d
dp
¢ _dd_d_d_.d
dx’ dx dx dx dp — dp* 8)

Substituting there in eqn. (6) we get

o d® 5 o
a——a p+a“A{u=0
................. 9)
p==E
Where ho
2

d—2+(7\—p2) u=0

e ld° L (10)
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2
d’u
——p’u=0
£ _A=>0 dp (11)

The solution for eqn. (11) can be written as

1,
5P

Ulp)=e * (12)

Thus solution for eqn. 10 can be written as

1,

-5P
Ulp)=e * Ulp) (13)
12 12
d_U —EP ! _ 5P
i Ul(p)-pe?® Ulp)
d2u 12, 12 _12, 12 Ly
- 2 u (p)pe 2 u(p)—pe * u'—e ¥ u(p)+p’e > ulp)
1€
du =t 12, _1,2
—=e* u (p)=2pe* u(p)+e * u(p)(p'—1)
dp
Substituting in eqn. (1)
u (p)=2p u(p)+(p’=1+A—p’)u(p)=0
ie u"(p)—2pu'(e)+()\—1)u(p)=0 ................ (14)

It can be shown that as p->+w the solution for eqn.(14) diverges like

2

+=p

1
2 —
e” and Hence U(p) diverges like e ?

When A->+w ,A should take values given by

A=2n+1 wheren=0,1,2, ......
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2E,
A=——=2n+1
Hence ha
) 1
- E =[n+-|ho
2l (15)

The solution for differential eqn. (14) “(P) are polynomials for
A=2n+1 and degree n. It contained only even powers of P when n is even
and is of even parity and is of odd powers of P when n is odd.
Parity - P W(x)=u(=x)=py(x)
v(=x)=u(x) even parity
y(=x)==y(x] odd parity

These polynomials can be identified as Hermite polynomials represented by

Ha(p)
Hy(p)=1, H,(p)=2p , H,(p)=4p’-2

Thus

u,(x)=

_a
Jr2"n!

Energy eigen values of Harmonic oscillator

We here A=2n+1
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2F_ (2n+1)

ho

E = n+l hw

2 n=0,1,2,............
E :lhu
For ground state n =0 2
E =nhv

But from old quantum theory “n
(Planck)

lhu or 1hco

2 2 1s called zero point energy. ie even in the ground state the harmonic

oscillator has finite energy while classical mechanics predicted zero energy at
ground state. The existence of zero point energy is in agreement with experiments

and is an important feature of quantum mechanics.

Eigen Function of harmonic oscillator

y,(x)=Ne *  H,(ax) Remember ¥n=UYn

1
=a?¥?

The wave function corresponding ton=01is 1 olan)=1
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n=3 -------- ho

.......

&] |
S x l‘l"[-l
t ; Harmonic oscillator

classmal
# fimits pute ntial and

wﬂ wavefunctions llf

Fig-3

The probability Va¥n has a finite value beyond the classical limits. For the

E :lhw

0 e : : :
lowest state 2 the probability is maximum at the centre while classical
theory states that maximum time in spent near the ends. For the first excited state,

the particle is found to be more probable at the ends rather than at the centre.

Watch Video
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Simple Harmonic Oscillator

(Abstract Operator Method) :
Let us define two operators

1 1
A&H /h

ma

a:2_h 2mowh Px
1 1
g melhe il L s
2h 2mo ki *
[x,p,]=ih
e LLCR PRI pi+l
2h 2mwh 2
a+a: @ A2+ 1 Az—l
2h 2moh| ¢ 2
aa’ —a a=1
1€
[a, a"]=1
Hamiltonian Operator H=KE + PE
p2
H="%*+=mw?’x* .k
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A

H pi 1 mo 2
X

ho 2mho 2 A

H + .1
—=|a a+_
P [ )
H=[d"a+;|hw
+ + +
(a"a, a]=d aa—aa a
+ +
=(a"a-ada")a
But ad' —a'a=1
a'a—aa’=-1

e la'a,al=-a

.................... (1)
o + +1_ + +  + 4+
Similarly laa, d |=a'ad —a' a'a
=a'(aa*-a"a)
1e
[d"a, a’]=a" (2)

Let [u> be the eigen ket of operator a*a

ie a alu> = Au>i
8

where 4 is the eigen value.

a‘aalu> = (aa"—1)alu>i
b

[From (1)

+ +
a aa—aa a=—a
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a’'aa=aa" a—a=(aa"—1)a]

e

a aa |lu>=aa’ alu>—alu>i
b

But @ alu>=Alu>¢
{

ie d aalu>= a Alu>—alu>(
b

ie a'aalu>=(A-1) alu>i

@

ie alu>¢ 1is an eigen ket of operator a"a belonging to eigen value (A-1).
Operating by a decreases the eigen value by 1 unit.

Similarly a'a a’lu> = (2-2) a’lu>i
{

Also @ ad'lu>=(a"+a"a"a)lu>i
{

since
a*aa®—a ata=a’
a*aa*=a"+a" a' a
1€

+ o+ + + 4+ .
a aa |u> =a’lu>+a a alu>i
b

a alu> = Au>¢
b

+ o+ + + .
a aa’ |u>=a u+a’ Au>i
b
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a"aa*|lu>=(A+1)a"|u>¢
b

+
ie a'Ju> is also are eigen function of @ 0 @ belonging to eigen value A+1

Similarly " aa"[u>=(A+2)a"|u>¢
6

Application a decreases the eigen value by 1 and a* increases the eigen value
by 1.

Thus a and a* are called ladder operators.

X0

But H:(a+a+%

also, E=(n+—

Thus a®a corresponds to the number operator which learns the present energy
state of the system Application of a and a* decreases and increases energy
eigen values in units of Zw. Thus a’ creates one quanta of energy and a
destroys one quanta of energy @ and a® can be called as annihilation and

creation operators.

Let Uy be the ground state wave function of harmonic oscillator. Application of

a on U, gives zero because the system has reached minimum energy state.

iealUp=0

: /.

e || 22 x+i%ﬁx U,=0
2h (2mw# )?
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Ay 0
=—ifi—
But P 0X
-mw : 1 ., d
—— X+l ————ihi—|U,=0
N2 Dmen | dx |0
1e L
mo noood
+ —|U,=0
. th \/meh dx 0
1€
h
1/mwx+\/ a4 U,=0
e | 2h 2mw dx

\/ 7
2mw

d mo 2mo
——ty [ X
dx \2h h

dx 0

Integrating
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—mw X
log U,=
—me o
. U,=Ae 2h
To find A

+00
> | UyUdx=1
normalize U —'[o 0= 0¥

IA*e 2 pe?t dx=1

—mw 2 -mo 2
—x

+o0  T2m® o

2|A [ exp|| =22 k2| dx=1
0 2h
MY =y M9 2 xdx=dU
Put 7 Difterentiating
o
But mo

f
x—\/— u:>— \/u2dx du
mo \' m
_ 1 h _L
ie 21/%\/u dx=du=>dx=§1/%u 2 du
17 lh
. 2_ _ 2 —
ie 2|A| dexp( u) U du=1
|A['2 \/ixli (—u) g du=1
Vo <2 exp(—u)u u=
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ie |A|1/ fexp du 1

From standard result of gamma function

\/E:Tey

1 1
5 —1

Here fexp(— Ju ? du= fexp u)* dy
0

Comparing with standard result

T_ _
.‘.{exp(— u du—\/7 Vi But \/2—\/71

P
| — A |AP=
me

h
\/ ~|AP=1
ie
mw
af= 10
ie mho e |A|2:(@)/2
mh
1
ie |A| m_wA
nh
__w% —mw)| >
UO_(nh) .ex ( 7 X

The Schrodinger equation is Hy,=Ey,
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|
y (a a+§)hoo U,=E y,

E,= 1 i
The ground state energy is

E =(n+ l) ho
and energy in n" state in 2

Watch Video
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